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Barbero— Immirzi field in canonical formalism of pure gravity 
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The Barbero-Immirzi (BI) parameter is promoted to a field and a canonical analysis is performed 
when it is coupled with a Nieh-Yan topological invariant. R is shown that, in the effective theory, 
the BI field is a canonical pseudoscalar minimally coupled with gravity. This framework is argued 
to be more natural than the one of the usual Hoist action. Potential consequences in relation with 
inflation and the quantum theory are briefly discussed. 
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I. INTRODUCTION 

Loop quantum gravity (LQG) [U, H, [3j 01 aims to quan- 
tize the gravitational interaction in a rigorous and consis- 
tent way. At classical level, it relies on the Hamiltonian 
formulation ofgravity through Ashtekar-Barbero canon- 
ical variables [a, H, 13 ^'^'^ features a real constant 7 (or 
(j = — 1/7) called the Barbero-Immirzi (BI) parameter 
0, H, Q. Its value can be constrained by the compu- 
tation of the entropy of nonrotating black-hole isolated 
horizons [l^, [ll| but otherwise it is arbitrary. Many au- 
thors have contributed to clarify the physical origin of the 
BI parameter d [H, [H [11 and suggestions have come 
from st udy in g the interaction of gravity with fermions 

[iilil,[illii,[ii. 

Recently, it has been proposed to promote /3 to a field 
P{x) in a Hoist-type action and study the resulting dy 



namics [20[; the same system was considered also in [21 1 
and, actually, in an older publication [55]. Classically, 
when the so-called second Cartan structure equation is 
reinserted into the action and the effective dynamics is 
extracted, this system turns out to be equivalent to one 
with a pure gravitational (Einstein-Hilbert) sector and a 
decoupled scalar field. 

The first goal of this paper is to clarify the parity prop- 
erties of the BI field, which were not recognized previ- 
ously. This can be done in a straightforward way by 
decomposing torsion into irreducible components. It is 
explicitly shown that (3 must be a pseudoscalar in order 
to preserve the transformation properties of these com- 
ponents under the local Lorentz group. 

The Hoist action, however, is not the most natural 
starting point. In fact, (3 generates torsion and one 
should expect the presence of torsion terms already at 
the action level. As previously argued in [l^ [l^ , the 
Hoist framework has to be generalized in order to deal 
with Riemann-Cartan space-time. This is achieved by 
completing the Hoist term with a torsion part so that the 
net coupling with (3 is nothing but the Nieh-Yan density 



[lalM 1181,1231, 124, 1251, 126|. 

In other words, the observation, made by Hoist [13], 
that the Hilbert-Palatini action can be generalized by 
adding a new term (which, in the case (3 = const, does 
not affect the classical dynamics of pure gravity) can be 
extended to torsional space-times 14, 18]. Interestingly 
enough, in the case /3 = P{x) coupled with the Nieh-Yan 
invariant, we shall see that the BI field becomes a real 
canonical pseudoscalar field. The pseudoscalar nature 
of the /3 field can be demonstrated by noting that the 
axial component of torsion is proportional to the partial 
derivative of f3 itself. 

All these results can be obtained in the Lagrangian for- 
malism, but for quantization purposes it is natural to an- 
alyze the P field also within the canonical formalism [2^ 
(see [29! for an introduction). In the standard quantiza- 
tion procedure, Dirac brackets are promoted to commu- 
tators and first-class constraints to operators acting on a 
suitable Hilbert space. ^ This motivates us to study the 
BI field in the first-order Hamiltonian formalism in the 
absence of matter, in both the Hoist and Nieh-Yan case. 
As expected, the canonical system is fully equivalent to 
the second-order effective action for a scalar field min- 
imally coupled with Einstein-Hilbert gravity (in agree- 
ment with [23, [2l| in the Hoist case) . 

The quantum theory provides us with yet another rea- 
son to inspect the Nieh-Yan case. Since f3 is now coupled 
with a topological invariant (while the Hoist term van- 
ishes only "on half shell," i.e., when the second Cartan 
structure equation is solved), one could ask whether it 
plays a role analog to the 9 parameter in QCD [3, [3] 
(see also [l3] ; an early proposal for a CP-violating mech- 
anism wherein the Barbero-Immirzi parameter was in- 
volved, still as a constant, can be found in ^Q|). In a 
companion paper [3l|, it is argued that the BI parame- 
ter must be a field in order to absorb a divergent chiral 
anomaly [2^[33] in the presence of fermions. 

Another justification for focussing some attention to 



^ Other quantization schemes are possible, for instance after solv- 
* Electronic address: gianluca@gravit y.psu.edu] ing some of the first-class constraints; this could lead to an alto- 

t Electronic address: ,mercuri@gravity.psu.edu| gether different theory. 
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the Hamiltonian framework is to clarify in what sense 
this system (either Hoist or Nieh-Yan) is a scalar-tensor 
theory. In fact, since the (3 field is coupled to gravity in 
the original action, this seems to be a particular exam- 
ple of a Brans-Dicke theory [H, IsJ]. In these models, 
one can make a conformal transformation of the metric 
such that the theory in the "Jordan frame," where the 
coupling between gravity and the scalar field is nonmin- 
imal, is mapped onto one in the "Einstein frame," where 
the coupling is minimal [s^ . Physically the two theories 
are inequivalent, as one can take either frame as the one 
where distances are measured. Moreover, in the presence 
of matter the conformal transformation changes the cou- 
pling between the scalar and other fields, thus violating 
the strong equivalence principle. However, on one hand 
in the effective action of the BI model no trace of the non- 
minimal coupling is left, and on the other hand it is not 
obvious how a scalar-tensor coupling is translated into 
Hamiltonian language. The role of the Nieh-Yan term in 
the presence of spinor matter fields has been studied in 
[l8l | and more recently in (see also where the BI 
parameter has been argued to have a topological origin. 
Here we do not take spinors into account but claim that, 
starting from an action containing the Nieh-Yan term 
and promoting the BI parameter to a field, we obtain a 
more natural effective action in which /3 is canonical. 

The paper is organized as follows. Since the Hoist case 
is by far the most widely considered in the literature, 
we will compare it with the Nieh-Yan case in a step-by- 
step fashion. The fundamental action with a Hoist or 
a Nieh-Yan term is analyzed in the Lagrangian formal- 
ism in Sees. Ill Al and [HB] respectively. The Hamiltonian 
formalism is inspected in Sec. IIIIl where we quote the 
main results. The reader unfamiliar with constrained 
Hamiltonian systems in the presence of torsion can con- 
sult the appendix for a pedagogical introduction and a 
full derivation of the constraints. Section IIVI is devoted 
to the discussion of the achieved results and future direc- 
tions. 

In the following, the space-time signature is (H ). 

Repeated upper-lower indices are summed over. We set 
SttG = 1. 



II. LAGRANGIAN FORMULATION 

Starting from the Lagrangian Hoist theory, we calcu- 
late the effective action by introducing the irreducible 
components of torsion and solving their equations of mo- 
tion. By reintroducing the obtained solutions into the 
action, we calculate the effective action, demonstrating 
that the BI field decouples from gravity and also show- 
ing its pseudoscalar nature. It is worth stressing that the 
field P is characterized by a complicated kinetic term, 
which can be recast in the standard way by a simple 
change of variables, as already noticed in [20, [U, [s^ . Un- 
fortunately, this field redefinition would lead to a quite 
unnatural coupling between the pseudoscalar and spinor 



matter. 

Then we generalize the Hoist action by introducing a 
new torsion-torsion term in the action. This is motivated 
by some geometrical arguments suggested by the fact 
that the Hoist modification of the Hilbert-Palatini action 
is not completely general. In fact, it contains only one of 
the two terms belonging to a well-known topological den- 
sity called the Nieh-Yan 4-form. The Nieh-Yan density 
is linear in the curvature and contains a torsion-torsion 
term, which can play an important dynamical role in the 
case torsion does not vanish, i.e., in dynamical systems 
in which a source for torsion is present. It goes without 
saying that the new action containing the Nieh-Yan term 
reduces to the usual Hoist action for torsion-free gravity 
and constant BI parameter. 



A. Hoist case 

Let (Al^, g^jy) be a four-dimensional space-time mani- 
fold A^* locally equipped with a metric g^,y. The tangent 
space TxAd"^ is isomorphic to Minkowski space and we 
can define the one-to-one map e : Ai"^ T^M.'^ which 
sends tensor fields from the manifold to the Minkowskian 
tangent space. This map, generally called tetrad or vier- 
bein, is a local reference system for the space-time, physi- 
cally representing the gravitational field. Its relation with 
the metric g^u is summarized in the following formulae 

9^u = ila,e%e\, e;e/ = ^;^, 6,%" = <5^ (1) 

where both Greek and Latin indices run from to 3 and 
transform, respectively, under general coordinate and lo- 
cal Lorentz transformations. The tetrad fields incorpo- 
rate all the metric properties of space-time, but the con- 
verse is not true. In fact, due to (manifest) local Lorentz 
invariance, there are infinitely many realizations of the 
local basis reproducing the same metric tensor. This is 
also the reason why there are more components in the 
tetrads than in the metric field, the difference being ex- 
actly six, which is the number of free parameters of the 
50(3, 1) group representing Lorentz transformations on 
the Minkowski tangent space. 

The action for gravity can be rewritten in terms of 
the tetrad fields and the Lorentz-valued spin connection 
^"'^fn which will be considered as an independent field ac- 
cording to the Palatini formulation. The usual Hilbert- 
Palatini action will be generalized to contain the so-called 
Hoist term p7| and the Barbero-Immirzi parameter pro- 
moted to a field [13,113]: 

S ^ j dtL 

(2) 
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where ^^•'e = det(e^) is the determinant of the tetrad, /3 = 
(3{x) is the BI field, and = 2%w''^^] + 2lj''^^^uj'''^^ 

is the Riemann curvature associated with tj"'',,.^ 

It appears immediately clear that the action ([2]) is not 
equivalent to the Hilbert-Palatini action, differently from 
the case /? — const. The reason is that the second Car- 
tan structure equation is affected by the presence of the 
BI field; in particular, a torsion contribution depending 
on the derivative of the BI field will appear in the spin 
connection. As a consequence, the Bianchi cyclic identity 
generalizes too, assuming the form 



(3) 



where I?^ is the covariant derivative operator made with 
the Lorentz-valued spin connection oj""^ and T""^^ is the 
torsion tensor, which depends on the derivative of P in 
this specific case. Then, the Hoist term no longer van- 
ishes on half shell, unless /3 is a constant. This fact 
has interesting dynamical consequences. We are going to 
demonstrate that the BI field, through the torsion ten- 
sor, decouples from the gravitational sector of the theory 
and plays the role of an independent (pseudo)scalar field 

We begin by studying the dynamics described by 
Eq. ([2]) from a Lagrangian point of view. It is conve- 
nient to split the Lorentz spin connection in a torsionless 
part d)"'' (Ricci connection, which obeys the homogeneous 
structure equation) plus the contortion 1-form /C°^ jSTj : 



ab 



ab 



IC 



ab 



(4) 



where the contortion tensor 



^"^'^ = e^e^lC-P^^ , /C^';, = -/C"; , (5) 

is related with the torsion T'^,,,, = —T'^,,„ by 

p/i pp J 

pp. 2^-^ pp ^pp 1^ p> - 

The action equation ([2|) (integration domain omitted) 
reads 



+ 1 J d^:,i%eJ^e,^Pe'^\, 



(J) 



^ Square brackets denote ant i symmetrized indices, ^[f_Lu 

2 {,-^ ^i^/i)- 



where the term f^^^cd^a^b^'^'^pv vanishes because of the 
Bianchi cyclic identity cjj^^pR""^ ^^/^ = and total diver- 
gences have been dropped out. 

It will be particularly convenient to split the torsion 
into its irreducible components in accordance with the 
Lorentz group [3j 

1 



e componen 

,111, nam: 



^pvp 

where 



q {'^i^9pp '^pQpv) „ ^pupaS -|- C[pi^p , (8) 



is the trace vector, 



Tipper 



(9) 



(10) 



is the pseudotrace axial vector, and the antisymmetric 
tensor q^^p is such that q^^^ = = e^"''" qpup- Equation 
(HI) can be rewritten as 



'^a '^b -^'-pu 



ab 



f Vp5^ + ^S,S>^ 



(11) 



where is the torsionless and metric-compatible covari- 
ant derivative. By varying the action with respect to the 
irreducible components of torsion 5^, T"^, and q'"^'^ , we 
obtain respectively: 



:dpf3- 
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1 



(3S, - 4r, 



qpup + /3e 



vaprHp 



(12) 

(13) 
(14) 



The solutions of the above system of equations can be 
easily calculated: 



Qpvp 
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1 + /32 
3 /3 

2 l + /?2 
0. 



5p/3, 



(15) 

(16) 
(17) 



By reinserting the solutions into the action pT|) . we ob- 
tain the expected form of the effective action: 



^ I d^x^^eJ^e^R^^'^' 



d^x^%- 



l + f3'' 



(18) 



The system is therefore equivalent to Hilbert-Palatini 
torsion-free gravity plus a massless scalar field with a 
nonstandard kinetic term. Defining the new field (p as 



VSsinh^^/?, 



(19) 
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the nonstandard term in Eq. IjlSp can be reabsorbed to 
obtain 



(20) 



Now the effective action contains a standard decoupled 
pseudoscalar field 0, which is connected to the BI field 
by the relation (fT9)) . For the sake of completeness, it is 
worth noting that the solution we have obtained passing 
through the definition of the irreducible components of 
torsion corresponds to a contortion tensor of the form 



[pe^\d'^(3 - \ e^.e^^ad'p) , (21) 
which agrees with the one obtained in [20| . 



B. Nieh— Yan case 

As was shown in the previous section, the noncanon- 
ical pseudoscalar (3 induces contortion in the spin con- 
nection. On general grounds one would expect to meet 
torsion terms already at the level of the fundamental ac- 
tion. Equation ([2]) can be generalized to 

1 



1 '^b -'V 



ah 



(22) 

when (3 is constant, the second integral becomes the 
Nieh- Yan topological invariant, which reduces to a to- 
tal divergence not affecting the equations of motion. In 
the presence of torsion it is the natural extension of the 
Hoist term, which is not topological by itself. 

Using the same procedure of the previous section we 
can rewrite the above action as 



S 



"a 



1 



(23) 



The terms {(3/2,)T^S^' and {(3/2)e^,^paq^^'Pq""^ featured 
in Eq. (fTTjl have been cancelled out. By varying the ac- 
tion with respect to the irreducible components of torsion 
5'', T"^, and q'"^^, we obtain, respectively, 

1 



(24) 

= 0, (25) 

g^.p = 0. (26) 

After reinserting the solutions above into the action 
we get the effective action 

1 
2 



ah 



/ d^x'^%dal3d''l3. 



(27) 



The system is therefore equivalent to Hilbert-Palatini 
torsion-free gravity plus a massless scalar field. Contrary 
to the Hoist case, (3 itself is canonical and there is no 
need to make a field redefinition. 



III. HAMILTONIAN FORMULATION 

The same results of the previous section can be ob- 
tained in the Hamiltonian framework. Following the 
Dirac procedure, we calculate the first- and second-class 
constraints of the Hoist theory. The latter can be easily 
solved, so that the system turns out to be characterized 
by a set of first-class constraints which reflect rotational 
and diffeomorphism gauge freedom. The counting of the 
degrees of freedom shows the presence of a free pseu- 
doscalar held decoupled from gravity. 

In order not to distract the reader with a lengthy 
derivation of the constraints, we refer to the appendix 
for notation and details. The phase space is equipped 
with the symplectic structure 

{if;(t,x),i?7(t,x')} = 515]5{^,^) , (28a) 
{/3(<,x),H(i,x')}-<5(x,x'), (28b) 
where all indices are spatial (Greek ones over manifold 



spatial coordinates), Kl^ 



,0i 



is the extrinsic curva- 



ture, Ef = — eef is the triad, and H = e{n ■ S)/A is the 
momentum of the BI field. The total Hamiltonian is 



Hd= (fx (A'TZ, + N°'Ha + NH) , 



(29) 



where A% N", and N are Lagrange multipliers. In the 
Hoist case, the rotation, supermomentum, and super- 
Hamiltonian (first-class) constraints are, respectively, 



Ha 

n 



(30a) 
(30b) 



2e 
3e 



H^ 



3 e 



4.1 + P- 



■a„/3c'"/3 « , (30c) 



where Da is the covariant derivative in terms of the 
50(3)-valued spin connection F^ — -f^uj^'^ /2 and R'^^ 
is the curvature of F. 

In the Nieh- Yan case, the super-Hamiltonian (|30cp is 
replaced by the simpler 



n 



2e 

-In^-^edaPd'^fi. 
3e 4 



(31) 



The net effect of the Nieh- Yan term is to absorb factors 
(1-1-/3^) in the contributions of the pseudoscalar field, 
which is now canonical. Notice that the system possesses 
a shift symmetry (3 — > (3 + (3q which is absent in the Hoist 
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IV. DISCUSSION 

The technical results of this paper may open up some 
interesting lines of investigation. 

In either the Hoist or the Nieh-Yan case, the canonical 
approach clearly shows [see Eqs. (|30bp . (|30cp . and ((3T|l ] 
that the matter-free system under consideration is not 
equivalent to a scalar- tensor theory in a nontrivial sense. 
Although one can almost always perform a conformal 
transformation of a minimally coupled scalar-tensor sys- 
tem to get a Brans-Dicke type theory, in the absence of 
extra matter this step may be physically justified only 
in the other direction, i.e., from a scalar-tensor theory 
to a minimally coupled one. When matter is included, 
the change of frame would determine different couplings 
between the matter sector and the scalar field. This hap- 
pens to be the case, for instance, when fermions are in- 
cluded, but in the Hoist case the resulting coupling is 
rather unnatural [2l|. On the other hand, the scalar- 
fermion coupling is drastically simplified in the Nieh-Yan 
case [l^, . The naturalness of the action in both the 
scalar and fermionic sectors indeed makes the Nieh-Yan 
case more appealing. 

In fact, if (3 and the inflaton were identified, then in- 
flation would be reinterpreted as a phenomenon stem- 
ming from a breaking of the topological sector of the 
theory (in [i^ a similar claim was made, although 
from a different physical perspective). However, from 
the theory we do not have any input as far as a poten- 
tial for (3 is concerned. An insertion by hand would not 
explain inflation more than any other phcnomenological 
model. If one required CP symmetry to hold, the poten- 
tial would be restricted to even functions of /?; otherwise 
some CP-violating effect might make its appearance dur- 
ing the evolution of the universe. A natural potential 
with nontrivial minima might be achieved via a Peccei- 
Quinn mechanism [3l|. At that point one could also ask 
oneself whether the value of (3 found from black hole en- 
tropy calculations [13, [HI is related to a particular vac- 
uum. 

Finally, since loop quantum gravity makes extensive 
use of the Ashtekar-Barbero connection and its conjugate 
momentum, which allow for a well-defined quantization, 
it is of interest to reexpress the constraints from {K, E) 
variables to the latter. It is immediately clear that the 
most naive generalization of the Ashtekar-Barbero con- 
nection to a varying BI parameter, = — (l//3)iir^-|-r^, 
would not lead to a canonical algebra [1^ . For instance, 
|A^,n} 7^ 0, due to the mixing of matter and gravita- 
tional degrees of freedom in A. There is another way to 
state this result. The rotation constraint and the sat- 
urated compatibility condition combine into the Gauss 
constraint V^Ef = d^Ef + e^j'^A^E" « 0. Taking the 
Poisson bracket of the Gauss constraint with itself, one 
can see that the algebra of gauge rotations does not close. 
In fact, the above definition would break the shift sym- 
metry in the /? field, thus leading to a different theory. 
Obviously, with the usual definition of the connection 



with constant (3q, 

Al^^-^K^ + r^, (32) 

the symplectic structure remains canonical, and one gets 
the well-known constraint equations with the addition of 
the scalar sector. Now, one should justify the definition 
([32| and explain the relation between the constant /3o 
and the BI field. An explicit parametrization of P{t, x) 
in terms of space-time coordinates could shed some light 
on this issue. 
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APPENDIX: HAMILTONIAN ANALYSIS WITH 
TORSION 

1. Hoist case 

Let us consider the action pT|) and assume that the 
space-time {M^,gf_i.y) is globally hyperbolicj4y| . Then, 
according to Geroch theorem [47| (see also [431), ^ global 
time function t can be chosen in such a way that each 
surface of constant t is a Cauchy surface and space-time 
topology is = M X E^, where is any Cauchy sur- 
face. On each surface, the metric ^ induces a Rieman- 
nian metric h^u defined by the first fundamental form, 
i.e. 

hf_,i, = gf_,i, - n^riy , (A.l) 

where is the normal vector to E^. Let = t^^{y) 
be the time flow vector field on A^"* 3 y satisfying 
f^V = t^^d^t — The time fiow vector field gen- 
erates a one-parameter group of diffeomorphisms, known 
as embedding diffeomorphisms, : R x E'^ ^ A^'*, de- 
fined as y{t,x) = yt(x). This allows to represent space- 
time as a smooth deformation of the three-dimensional 
Cauchy surfaces E'^ into a one-parameter family of three- 
dimensional Cauchy surfaces E^. These are described 
by the parametric equations = ?/f (x), where t de- 
notes the hypersurface at different "times". A general 



^ We remark that neither t nor can be interpreted in terms 
of physical measurements of time, since one does not know the 
metric, which is, in fact, the unknown dynamical field in the 
Einstein theory of gravitation. 
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parametrization can be obtained by introducing the nor- 
mal and tangential components of the vector field 
with respect to E^. Namely, we define 



(A.2) 



respectively called the lapse function and shift vector. As 
a consequence we have 



t^it,^) = 



dy^t,^) 



dt 



l/(t,x)=j/t(x) 

= iV(i,x)n^(i,x) +iV^(t,x). (A.3) 

By acting with a Wigner boost on the local basis, we 
can rotate it so that its zeroth component results to be 
parallel, in each point of Y.^, to the normal vector n^, 
i.e. = e°^; (implying that the local boost parameter 
e\ vanishes at each point of S'^). The requirement that 
this particular choice of the orientation of the local ba- 
sis be preserved along the evolution fixes the so-called 
Schwinger or time gauge, the net result being that the 
action will no longer depend on the boost parameters; 
also, the local symmetry group is reduced from the initial 
SO{3, 1) to SO{3), which encodes the spatial rotational 
symmetry. It can be demonstrated that fixing the time 
gauge into the action does not affect the consistency of 
the canonical analysis, this procedure being equivalent to 
a canonical gauge fixing. The action pT|) can be finally 
written as follows: 



S 



-i J dtd^x^% (2e^^e,'^R^, 



OA o M 



dtd^x 



) 

N 



Qi 



-T T 



1 



- J dtd\ e jef [t^d^Kl + cj%a„i'^ - 5„ (t • lu') 
-u;\^{t-cu'') + it-cu\)K'^] 



-N 



48 



{n-Sf~^{n-Tf + ^(3{n-T){n-S) 
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(A.4) 



clear from the Lagrangian analysis.^ The following nota- 
tion have been used: 



(A.5) 



t-u' = t-u^'' = i^t^J'),, n-S = n'^S^,, n-T = nt^T^, 

and '^'e = Ne, e = dete^ being the determinant of the 
triad. Greek indices q;,7, . . . from the beginning of the 
alphabet and Latin indices ... from the middle of 
the alphabet run from 1 to 3 and denote, respectively, 
components transforming under spatial diffcomorphisms 
and local spatial rotations. The three-dimensional Levi- 
Civita symbol is defined as e^fc = eoyfc and we will often 
make use of the relation eyfce''" = 5" 5^ — 5jS^. 

Now, remembering the definition of the Lie derivative 
operator on a vector, £tV^ = t''di,Vf_i + Vudf^t" , we can 
rewrite the above action as 

S ^ - J dtd^xe^^e^'lCtKi-Da^it-oj') 
+ it ■ u;\)K^] - 2N"e]D[^K;^ 
+ ^ete]{^^^R^^^^ -2Km^ 



+N 



^{n-Sf-\{n-Tf + \li{n-T){n-S) 



48 3 6 



(A.6) 



where we introduced the >S'0(3)-valued covariant deriva- 
tive Da{= Da), which can be written as DaV^ = daV^ + 
i^jk^-'aV'^ on a gauge vector, where 



r* EE -e' lLU^'' . 

The curvature of F is defined as 



7] 



2 J^J -p/c 



2 j/c ''Q7 



(A.7) 



(A., 



The next step is the definition of the momenta conjugated 
to the fundamental variables. Since the Lagrangian is sin- 
gular, we expect a set of primary constraints to appear. 
In particular, the only nonvanishing momenta are those 
conjugated to and f3: 



Ef EE 



dS 



(A.9a) 



n.^4e(..5). (A.9b) 



where we have omitted the bars for torsionless geomet- 
rical objects (they will be reinstated only in Sec. Ill Bp 
and we set the tensor q^vp to zero since it is nondynami- 
cal and does not contribute to the torsion tensor, as was 



^ Setting q^iup = does not affect the generality of the formulation 
and it has the advantage of simplifying the canonical formulation, 
which is rather involved for 3— tensors like g^^p. 
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All the others vanish identically, i.e. 



structure 





K = o, 


(A.lOa) 


pi 

a 


nr = 0, 


(A.lOb) 


t-J 


lli = 0, 


(A.lOc) 


t ■ 


Ilij = , 


(A.lOd) 


n-S 


n(^) = o, 


(A.lOe) 


n-T 


n(^) = o, 


(A.lOf) 




n(^) = o. 


(A.lOg) 


rpOt 


nr = o, 


(A.lOh) 




nW = o, 


(A.lOi) 


N 


nW = o. 


(A.lOj) 



Here we have not made use of the fact that ui^\ is the 
Ricci spin connection, which depends on the triad field; 
the canonical analysis will eventually show that it is not 
an independent variable. 



As one can immediately notice, in none of the above 
conjugated momenta there is the temporal Lie deriva- 
tive of any of the fundamental variables; so, in principle, 
all of them should be considered as primary constraints. 
Therefore the following set of primary constraints has to 
be imposed: 









(A.lla) 


c 


= n - - e(n 

4 




(A.llb) 


{e)ni 






(A.llc) 




= nf «o. 




(A.lld) 


Ci 


= n^^o. 




(A.lle) 


Cij 


= n,, « , 




(A.llf) 




= nW«o, 


b = S,T,N , 


(A.llg) 


(Jib) 


= nW«.o, 


b = S,T,N. 


(A.llh) 



{Ki{t,^),E]{t,^' 
{/3(i,x),n(t,x' 
{ei(i,x),P7(i,x' 

{rjt,x),nj(t,x 

{t- u>'{t,x),Uk{t,x' 

{5(t,x),n(^)(i,x' 
{T(i,x),n(^)(t, 
{iV(t,x),nW(t,x' 
{5"(t,x),nf (t,x' 
{r"(t,x),nf)(t, 
{Ar«(f,x),nW(i,x' 



)}=<52<J}<5(x,x') 
)} = 5(x,x'), 

)} = szs}SM 

)}=<52'5i-<5(x,x') 

)}=<5f,5f]5(x,x') 

)}=<5(x,x'), 

)}=^(x,x'), 

)}=^(x,x'), 

)}=<5^<5(x,x'), 

)}=<5^5(x,x'), 

)}=5«5(x,x'), 



(A.12a) 
(A.12b) 

(A.12c) 
(A.12d) 
(A.12c) 
(A.12f) 

(A.12g) 

(A.12h) 

(A.12i) 

(A.12j) 

(A.12k) 

(A.121) 



where {•,•} are Poisson brackets. Having calculated the 
conjugated momenta, we can now perform the Lcgendre 
dual transformation and extract the canonical Hamilto- 
nian. Since the latter is not uniquely determined because 
of the primary constraints, we write the Dirac Hamilto- 
nian: 

Hd = J d^x (EfCtKi + n(^)A/3 + y-Cm) - L 
= [ d?x \Et[D^{t-Lo^)-{t-uj\)K^] 



+N"Ho. + NH + (^V„(^)Cf + AC 



b=S,T,N J 



where 



is the supermomentum and 



(A.13) 



(A.14) 



1 

+e 



';{n-T)pil 



6 4 



(A.15) 



The phase space has been equipped with the symplectic 



is the super-Hamiltonian, while A^ and A^ are arbitrary 
functions. 



8 



As a consistency requirement, the Dirac canonical pro- 
cedure imposes to calculate the Poisson brackets between 
the primary constraints and the Dirac Hamiltonian. If 
they do not vanish on the primary surface for some value 
of the Lagrange multipliers A,„, they must be constrained 
to vanish. This way, secondary constraints are generated 
which determine the secondary constraint surface on the 
phase space [29| . 

The Poisson brackets between the Dirac Hamiltonian 
and the first three primary constraints Eqs. (|A.llap . 
(|A.llb[) . and (jA.llc[) do not generate any secondary con- 
straints: In fact, they can be set to zero by suitably 
choosing the Lagrange multipliers ^^Uf and A'^'^^. 

For the other primary constraints one gets 



{Ci, Hd} 



DaEf , 

0, 



(A.16) 
(A.17) 



--^^ (7) 



{dj^Ho} 



[e(n • T) - /3n] 



7 V-^J I ' 

(A.18) 
(A.19) 

(A.20) 

(A.21) 
(A.22) 
(A.23) 
(A.24) 



Since we have extracted the torsion components from 
the full spin connection, the triad obeys the homoge- 
neous structure equation Z?[Q,e^j = 0. Hence, is 

the spatial torsion-free SO{'i) spin connection 2F^[i?] = 
c'^j^.E'^^'^aEij, where the covariant derivative con- 
tains the Christoffel symbols, in turn expressed as func- 
tions of E" (see for the exphcit expression). In par- 
ticular, this implies that the Lagrange multiplier '■'"•'AJj is 
determined by the equation of motion of F^ [E] . 

On the other hand, the dynamical equations of the 



canonical variables S", T", 



T, t 



t ■ uj'^ , N, and 



N" are completely arbitrary, since each of their Poisson 
brackets with the full Dirac Hamiltonian is proportional 
to the associated Lagrange multiplier Am (the same is 
true for the equations of motion of ef , n - S, and F^, but 
as argued above their Lagrange multipliers are no longer 
arbitrary). Therefore, at this point a useful simplifica- 
tion of this canonical system of constraints can be natu- 
rally provided and consists in treating the above subset of 
canonical variables directly as Lagrange multipliers. This 
could have been done at the very beginning by inferring 



which are the dynamical variables and which are the La- 
grange multipliers. However, the Dirac procedure does 
not give us any hint about this classification ab initio, so 
here we have preferred to follow the general procedure 
and arrive at this conclusion after having calculated the 
set of primary and secondary constraints. 

Equation (|A.16p is solved because of the compatibil- 
ity equation, and DaEf = strongly (i.e., on all phase 
space). Equation (jA.17p . on the other hand, is a conse- 
quence of the fact that n ■ S disappears from the Dirac 
Hamiltonian, so that its momentum is preserved by the 
Hamiltonian flow. Then we can set H''^^ = strongly, as 
it vanishes initially. 

Equations (|A.18p - (jA.24p do not contain Lagrange mul- 
tipliers A„i and do not vanish on the primary surface. 
Hence they have to be considered as secondary con- 
straints. 

Equation (jA.lSP has been arranged to isolate three 
terms. The first includes some of the new Lagrange mul- 
tipliers and can be made to vanish by definition. The sec- 
ond is proportional to Eq. (jA.22p . so it vanishes weakly. 
The third term is strongly equal to zero as it is nothing 
but the compatibility equation. Overall, Eq. (jA.lSp is 
redundant with other constraints and it will be ignored 
from now on. 

The expression of the new Lagrange multipliers n ■ T, 
Sa, and Ta can be easily calculated in order for the sec- 
ondary constraints Eqs. (|A.19p - (|A.2ip to vanish: 



n-T 



e 

6 

3 P 



21 + /32 



daf3, 



(A.25) 
(A.26) 
(A.27) 



According to Eq. (|A.26p . P must be a pseudoscalar. Plug- 
ging these expressions into Eq. (jA.lSp . we get the reduced 
set of first-class constraints given by Eqs. (|30ap - p0cp . 

To summarize, the initial complicated system of con- 
straints has been reduced to a set of seven first-class con- 
straints, Eqs. pOap ^ pOcp . which reflect the gauge free- 
dom of the physical system, i.e., rotation of the local 
spatial basis and diffeomorphisms of space-time. As re- 
gards the canonical variables, the system is completely 
described by the S'0(3)-valued extrinsic curvature 
and its momentum E", together with the field /3 and its 
momentum H, for a total of 20 degrees of freedom. Then 
the physical degrees of freedom on the phase space are 
20 — 2 X 7 = 6,^ specifically four corresponding to the two 



^ The number of second-class constraints is even as it must be in 
order for them to be completely solved. Once the Dirac bracket 
is defined for the system, the second-class constraints can be con- 
sidered as strong equations and the original variables are rein- 
troduced in the theory by using a simple identity. 
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polarizations of the graviton and two associated with the 
pseudoscalar field. 

Before concluding the section, we wish to notice the 
self-consistency of the results achieved so far. One can 
verify that Eqs. (j30bp and (|30cp do correspond to the su- 
permomentum and super-Hamiltonian of the canonical 
theory based on the effective action Eq. ^TE\i for a mini- 
mally coupled, nonstandard scalar field, whose conjugate 
momentum is 



n 



3e 



1 



3e 



1 



2 1 + ^2 2N1 + P^ 

(A.28) 

Finally, we note that Eqs. (fT5|) and (fT6|) are in agree- 
ment, after projection, with the solutions Eqs. (|A.26[) 
and ((X27l) . 



Eqs. (f09)) - (|X2T|) become 



{Ci'\Hn} 
{C^^\Hd} - |iVe(n-T), 



2 



leading to 



n-T = 0, 



T„ = 0, 



Sa = 6daP ■ 



(A.29) 

(A.30) 
(A.31) 



(A.32) 



2. Nieh— Yan case 

The canonical analysis does not change much with re- 
spect to the previous section. The secondary constraints 



The super-Hamiltonian turns out to be Eq. PT|) . One can 
show that the canonical theory stemming from Eq. (I27p 
coincides with the one above. 
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